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1. It is well known (1; pp. 56-61) that the two integrals 
and 
A = s, XId5X0 s, f(& > X2> dx,x2- x1 (l-1) 
B = j/2 j, (x*f'x:'o)~~2d~xI) ' U-2) 
differing only in order of integration, are generally not equal. In the above L 
is a section of the real axis containing X0 , and the function f (XI , X2) is 
Holder continuous on this section. We wish to appeal to some asymptotic 
analysis in order to derive the formula (Poincare-Bertrand formula) relating A 
and B, and from there derive a general rule for the commutation between 
integrals involving it repeated integrations. 
2. Consider the following integral 
where we allowL to be the entire real axis extending from - co to + CO and 
where f (x1) is Holder continuous and absolutely integrable over L. A result 
of basic importance, which can be trivially verified by contour integration 
(and proven below for th case of two dimensions), is that 
s 
cc 
-,f (xl) A(%) dx, - rf (0) + il’ IL fM dx, , -m x1 (2.2) 
where the symbol N denotes the limiting behavior of the left-hand side as 
t + + co, and where P denotes the Cauchy principal value of the integral. 
Symbolically, we may write this result as 
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where 6(x) is the Dirac delta function. The result for t + -- co is the same 
except that the Dirac delta function changes sign. 
Let us next examine the limiting behavior of 
as t 3 + co. We expect, certainly true if f  (x1 , x2) =fi(xl)fz(xz), 
44 44 - (r W + ip,, (-$-j j k %) + iPzp (-$jj = 4x1) 44. 
(2.5) 
However, we now prove this result, remembering that f(xI , x2) is Holder 
continuous in both variables and sufficiently vanishing at (&- CO, + co) 
such that 
.m m 
J s 
If (x1 , x2) ) dxl dx, exists, 
-03 --m 
Consider 
lim 3o 
s s 
m f  (x1 , x2) 
p1t _ 1 pzt _ 1 
t-i-m ix, ix, 
dx, dx, 
-03 -co 
m m 
= lim 
f  (x1 , x2) - e-+(0, x2) - e-Qf(xl , 0) + e-(z12+q(0, 0) 
. . 
t-m s s --a -a2 W% 
x (eizlt - 1) (eiz2’ - 1) dxl dx, 
But 
Thus I( + 00) = + rr. [Note that if t -+ - CO, I(- co) = - n.] 
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Using the Riemann-Lebesgue lemma and the result (2.2), we have 
m m lim 
s s t-e-m -a -al 
f(xr , x2) d(x,) d(x,) dx, dx, 
m = 7r2f(0, 0) + in-P 
s -m i 
n dx, + irrP f(O, x2) dx ___ 2 
-co X2 
dx, dx, . 
Hence, symbolically 
44 4x2) - k W + iP,, (-+)) (r +2) + iP*, (+-)) = 4x1) 4x2). 
1 
Similarly, in general, 
3. We use the following identity in order to carry out the limiting behavior 
of 4x1) 4x2) *-* 4 x .) another way. It is readily verified that 
4x1) 4x2) = & ( ‘c1yx2 4x2) - (Xl + x2) 41 + x2)) > (3-l) 
o+ 
and by repeated use of (3.1), that 
.c,+lterms 
+ (-)’ c (xn+ + *** + x,) d(x,+. + *‘* + xn) + **’ 
zl..Azn 
+ (-)“-’ (Xl + *-* + x,) d(x, + *** + 
We study the limiting behavior as t * + co of 
- (3.2) 
making use of identity (3.1) 
co m  
lim *+t* IS -m -a fh 3 4 4x1) 44 4 4 
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-- lim ilDl~I_f(~*,~~)d(Jc,+s,)ds, 
t++n 
lim iJrT$ I~xf(rl,Sy)~(~l+X2)~~.~1. f’CT 
Symbolically, 
iPzl 
( ! 
$ lJzz d(x,) - iPxl (-$-) (7-r %4 + ipx2 (-&)) 3 
and using the transformation Xl = ~1, Xr = Xl Jr X2 
ip,, (J-) P,% d(x, + x2) = iPrI (Y&-J Px2 d(G) 
- ipx, (-=&) (r V2) + ipx* (k)) 
= iPzl ($) (r WI + x2> + i&( x, kx2 )) * 
Therefore, equating the real and imaginary parts of the limiting behavior of 
both sides of identity (3.1), we obtain 
qx, + x2) c pz, ($) = 0, (3.3) 
w% 
We recognize (3.4) as being the PoincarC-Bertrand formula 
Making the transformation x1 = Xl - X0 , x2 = X0 - X2 , we have on 
combining two of the integrals 
which is the usual form of the formula ((l), pp. 57). 
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4. If we equate the real and imaginary parts of the limiting behavior 
of both sides of identity (3.2) for n = 3,4 we obtain, on making use of 
results (3.3) and (3.4), 
c p+w4 &4p=l x1 + x3 : x3 4 x4 q...zp 
= - rf4 &%) W,) 03) S&4) + pz*z,.,& * 
(4.2) 
(4.3) 
(4.4) 
We now see that the results for TI = 2, 3, 4 can be more generally written 
= in-k” 8(x,) ... Q,) + iPzl...z, g-&g, (4.5) 
where 
P&(x1 + ... + XTJ = rr qx, + -.+Jt,)+iJqxl + .!. +J 
Formula (4.5) is certainly true for n = 2, 3 and 4 and we will assume it holds 
for all Y < 71. 
We look at the limiting behavior as t -+ + co of both sides of identity (3.2): 
d(x,) .*. Lqx,) -d(q) -.. d(x,) = 79 6(x,) a*. 6(xn) 
+i7r c +-)8(x,) ***qx7J + .-. 
q...o& 
+@+-l.lrr+l 
c 
z,...e, 
pz,...r,-,-l x1 ..A$*-, %+-A -.- WJ + ... 
(4.6) 
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But 
S-2 
+ c (-)’ nC’+fyyxn+.  *** + XJ Ll(x,+. + *** + x,) 
r=1 21...211 
+ (-y-1 (x1 + .*. + XJ d(x, + *** + 4 , 
I 
from identity (3.2). 
Clearly, 
in-1 
c pz1...%4 $"" ..txnel 4%) 
zl...z,, 
Consider 
- pq. ..a&,4 
1 ir77*+l 6(x,-,) 3.’ Wn) + iP1cn+..zn ’ ) 
Xl *** x,-,-1 
.q@ **' x, 
for r < n - 1 by hypothesis, 
N ia+- (-)” Trr+l c 
o,...z, 
Pz,...,,+, x1 .*,‘s,-,, &z-A *.. wL) 
t (--)‘i”.C,+lP,,...,“~. 
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Noticing that (->’ ?+r-l = jnprM1, and equating the limiting behavior of 
both sides of the identity, we have 
But 
12-l 
z1 (-YnG = 1 + (--)“, 
and thus 
Hence, (4.5) is true for all n. Equating real and imaginary parts in (4.5) 
we obtain the general rule for commuting 71 repeated integrals of the form 
(1.1) or (1.2). 
The previous analysis arose from some work (2) on weak nonlinear inter- 
actions between a continuum of random dispersive waves. In that. case the 
functions f(xI , x2 ,... x,) were continuously differentiable and 
O[(XIZ + x22 + a.* x,“)-~] at CO. Levinson [3] has derived a useful version of 
the PoincarC-Bertrand formula for the case when the functions exhibit 
discrete singularities. 
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